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type of the solutions are found as, hyperbolic, trigonometric and rational function form involving
more parameters and some of our constructed solutions are identical with results obtained by other
authors if certain parameters take special values.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Nonlinear evolution equations play a signiﬁcant role in various
scientiﬁc and engineering ﬁelds, such as, optical ﬁbers, solid
state physics, ﬂuid mechanics, plasma physics, chemical kine-
matics, the heat ﬂow and the wave propagation phenomena,
quantum mechanics, propagation of shallow water waves etc.
Nonlinear wave phenomena of diffusion, reaction, dispersion,
dissipation, and convection are very important in nonlinear
wave equations. In recent years, the exact solutions of nonlinear
partial differential equations have been investigated by many
researchers (see for example [1–32]) who are concerned in non-
linear physical phenomena and many powerful and efﬁcientmethods have been offered by them. Among non-integrable
nonlinear differential equations there is awide class of equations
that referred to as the partially integrable, because these equa-
tions become integrable for some values of their parameters.
There aremany differentmethods to look for the exact solutions
of these equations. The most famous algorithms are truncated
Painleve expansion method [1], Tanh-function method [2–4],
Jacobi elliptic function expansion method [5–7], Variational
iteration method [8,10], Inverse scattering transform method
[11], Hirota method [12], Truncated Painleve expansionmethod
[13], Backlund transformmethod [14] and Exp-functionmethod
[15,16] are used for searching the exact solutions.
Wang et al. [17] introduced a direct and concise method,
called (G0/G) – expansion method to look for traveling wave
solutions of nonlinear partial differential equations, where
G= G(n) satisﬁes the second order linear ordinary differential
equation G00ðnÞ þ kG0ðnÞ þ lGðnÞ ¼ 0; k and l are arbitrary
constants. For additional references see the articles [18–23].
It is to be highlighted that Li et al. [24] applied (G0/G, 1/G) –
expansion method for ﬁnding exact traveling wave solutions
of nonlinear evolution equations, and hence established it as
952 M. Shakeel, S.T. Mohyud-Dinan extension of the recently proposed (G0/G) – expansion
method. They calculated abundant traveling wave solutions
with arbitrary parameters of the Zakharov equations. More-
over, they also rediscovered the well-known solitary wave solu-
tions when the parameters are replaced by special values. It is
worth mentioning that, recently, Zayed et al. [25,26] also
applied (G0/G, 1/G)) – expansion method for ﬁnding traveling
wave solutions of the nonlinear (3 + 1)-dimensional Kadomt-
sev–Petviashvili, nonlinear KdV–mKdV equations. For
detailed study on (G0/G) – expansion method, the readers are
referred to [27–29]. Inspired and motivated by the ongoing
research in this area, we extended the approach given in [24–
26] which is called the (G0/G, 1/G) – expansion method for ﬁnd-
ing the exact traveling wave solutions of positive Gardner-KP
equation. Moreover, it may be concluded that some very use-
ful, new traveling wave solutions of the nonlinear PDEs can be
obtained by making an appropriate use of the presented
scheme ((G0/G, 1/G) – expansion method.
2. Methodology
In this section, we describe the main steps of the (G0/G, 1/G) –
expansion method [24–26] for ﬁnding traveling wave solutions
of nonlinear evolution equation. Suppose a nonlinear equation
for P(x, y, t) is given by
Pðu; ut; ux; uxx; utt; . . .Þ ¼ 0; ð1Þ
in which both nonlinear term(s) and higher order derivatives of
P(x, y, t) are all involved. In general, the left-hand side of Eq.
(1) is a polynomial in w and its various derivatives. The (G0/
G, 1/G) – expansion method for solving Eq. (1) proceeds in
the following steps:
Step 1: Look for traveling wave solution of Eq. (1) by
takingP ¼ PðnÞ; n ¼ xþ y Vt; ð2Þ
whereV is nonzero constant,P(n) the function of n. Substituting
(2) into Eq. (1) yields an ordinary differential equation (ODE)
for P(n).
Qðu; u0; u00; u000; . . .Þ ¼ 0: ð3Þ
Step 2: If possible, integrate Eq. (3) term by term one or
more times. This yields constant(s) of integration. For sim-
plicity, the integration constant(s) may be set to zero.
Step 3: According to the (G0/G, 1/G) – expansion method,
suppose that the solution of Eq. (3) can be expressed by a
ﬁnite power series in u and w as follows:uðnÞ ¼
XM
n¼0
anu
n þ
XM
n¼1
bnu
n1w; ð4Þ
where an (n= 1, 2, 3, . . .,M) and bn (n= 1, 2, 3, . . .,M)
are constants to be determine later and u(n) and wðnÞ are given
by
uðnÞ ¼ G
0ðnÞ
GðnÞ
 
; wðnÞ ¼ 1
GðnÞ
 
; ð5Þ
which satisﬁed
G00ðnÞ þ kGðnÞ ¼ l: ð6ÞEqs. (5) and (6) yields
u0 ¼ u2 þ lu k; w0 ¼ uw: ð7Þ
From the three cases of general solutions of the Eq. (6), we
have:
Case 1: When k < 0 the general solution of Eq. (6) isGðnÞ ¼ A sinhð
ﬃﬃﬃﬃﬃﬃ
k
p
nÞ þ B coshð
ﬃﬃﬃﬃﬃﬃ
k
p
nÞ þ l
k
;
we have
w2 ¼  k
k2rþ l2 ðu
2  2lwþ kÞ; ð8Þ
where A and B are two arbitrary constants and r= A2 - B2.
Case 2: When k > 0 the general solution of Eq. (6) isGðnÞ ¼ A sinð
ﬃﬃﬃﬃﬃ
kn
p
Þ þ B cosð
ﬃﬃﬃﬃﬃ
kn
p
Þ þ l
k
;
we have
w2 ¼ k
k2e l2 ðu
2  2lwþ kÞ; ð9Þ
where A and B are two arbitrary constants and e= A2 + B2.
Case 3: When k ¼ 0 the general solution of Eq. (6) is
GðnÞ ¼ l
2
n2 þ Anþ B;
and we have
w2 ¼ 1
A2  2lB ðu
2  2lwÞ; ð10Þ
where A and B are two arbitrary constants.
Step 4:DetermineM. This, usually, can be accomplished by
balancing the linear term of highest order with the highest
order nonlinear term obtained in Step 2.
Step 5: Substituting Eq. (4) into Eq. (3), using Eqs. (7) and
(8) will yield a polynomial in u and w in which the degree of
w is not larger than 1. Compare the like powers of uM and
uMw equal to zero, yields a set of algebraic equations for an
(n= 0, 1, 2, 3, . . .,M) and bn ðn ¼ 1; 2; 3; . . . ;MÞ; l; k;A;B
and V.
Step 6: Solve the system which is obtained in step 5 for an
ðn ¼ 0; 1; 2; 3; . . . ;MÞ and bn ðn ¼ 1; 2; 3; . . . ;MÞ; l; k;A;B
and V with the help of Maple, to determine these constants.
Putting the values of these constants into Eq. (4), one can
obtain the traveling wave solutions expressed by the hyper-
bolic functions of Eq. (2). We can obtain the more general
type and new exact traveling wave solution of the nonlinear
partial differential Eq. (1).
Step 7: Similarly substituting Eq. (4) into Eq. (3), using Eqs.
(7) and (9) (or Eqs. (7) and (10)) will yield a polynomial in u
and w in which the degree of w is not larger than 1.Compare
the like powers of uM and uMw equal to zero, yields a set of
algebraic equations for an (n= 0, 1, 2, 3, . . .,M) and bn
ðn ¼ 1; 2; 3; . . . ;MÞ; l; k;A;B and V, we obtain traveling
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metric functions (or expressed by rational functions) as pro-
ceeding before.3. Application to positive Gardner-KP equation
Let us consider the positive Gardner-KP equation as follows
ðut þ 6uux þ 6u2ux þ uxxxÞx þ uyy ¼ 0: ð11Þ
Shaﬁof et al. [30] used (G0/G) – expansion method to ﬁnd the
traveling wave solutions of the positive and negative
Gardner-KP equation. Wazwaz [31] applied Hirota’s bilinear
method to obtain multiple-soliton and multiple singular soliton
solutions for the Gardner-KP equation. Bin and Qiang
[32] obtained the symmetries and group invariant solutions to
the Gardner-KP equation by using the direct symmetry
method.
To solve the Eq. (11), using the wave transformation Eq. (2)
into Eq. (11), and integrating once and setting the constant of
integration to zero, we have
ðVþ 1Þu0 þ 6uu0 þ 6u2u0 þ u000 ¼ 0; ð12Þ
Applying the balancing principle between u000 and u2u0 in Eq.
(12), we get M= 1. Therefore the trail solution is
u ¼ a0 þ a1uðnÞ þ b1wðnÞ; ð13Þ
where a0, a1 and b1 are constants to be determined later. Here,
we discuss three cases as follows.
Case 1: When k < 0 (Hyperbolic function solutions).
If k < 0, substituting Eq. (13) into Eq. (12) and using Eqs.
(7) and (8), the left-hand side of Eq. (12) becomes a polynomial
in uandw. Setting the coefﬁcients of this polynomial to zero
yields a system of algebraic equations in a0, a1; b1; l; k, V
and r as follows:
u4 :
18a1b
2
1k
k2rþ l2  6a
3
1  6a1 ¼ 0;
u3 :
12a0b
2
1k
k2rþ l2 
12a21b1kl
k2rþ l2 
6b1kl
k2rþ l2 þ
12a0b
2
1k
k2rþ l2
þ 12b
3
1k
2l
ðk2rþ l2Þ2
 12a0a21  6a21 ¼ 0;
u2 : 24a1b
2
1k
2
k2rþl2 þ 3a1kl
2
k2rþl2  12a0a1b1klk2rþl2  6a1b1klk2rþl2 
12a1b
2
1k
2l2
ðk2rþl2Þ2
6a20a1  6a31k 8a1k 6a0a1  a1 þ Va1 ¼ 0;
u1 :
12a0b
2
1k
2
k2rþ l2 
6b1k
2l
k2rþ l2 
12a21b1k
2l
k2rþ l2 þ
6b21k
2
k2rþ l2
þ 12b
3
1k
3l
ðk2rþ l2Þ2
 12a0a21k 6a21k ¼ 0;
u3w : 6b
3
1k
k2rþl218a21b16b1¼0;
u2w : 42a1b
2
1kl
k2rþl2 þ24a0a1b112a1l6a31lþ12a1b1¼0;
uw :
24a2
1
b1kl
2
k2rþl2 
24a0b
2
1kl
k2rþl2 þ 12b1kl
2
k2rþl2 þ
6b31k
2
k2rþl2
12b21kl
k2rþl2
24b31k
2l2
ðk2rþl2Þ2
þ12a0a21l12a21b1k5b1k6a20b1þ6a21l6a0b1b1þVb1¼0;w1 :
24a0a1b1kl2
k2rþ l2 
18a1b
2
1k
2l
k2rþ l2 
6a1kl3
k2rþ l2 þ
12a1b1kl2
k2rþ l2
þ 24a1b
2
1k
2l3
ðk2rþ l2Þ2
þ 6a20a1l 12a0a1b1kþ 5a1kl 6a1b1k
þ 6a0a1lþ a1l Va1l ¼ 0;
w0 :
3a1k
2l2
k2rþ l2 þ
6a1b
2
1k
3
k2rþ l2 
12a0a1b1k
2l
k2rþ l2 
6a1b1k
2l
k2rþ l2
 12a1b
2
1k
3l2
ðk2rþ l2Þ2
 6a20a1k 2a1k2  6a0a1k a1kþ Va1k ¼ 0:
ð14Þ
Solving the above system, we have the following solution sets:
Result 1. We have
a0 ¼  1
2
1þ l
ﬃﬃﬃ
k
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2rþ l2
p
 !
; a1 ¼ 0;
b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðk2rþ l2Þ
k
s
;V ¼  2k
3rþ k2r kl2 þ l2Þ
2ðk2rþ l2Þ ;
r ¼ A2  B2: ð15Þ
Now, the traveling wave solution of Eq. (11) become
uðx; y; tÞ ¼  1
2
1þ l
ﬃﬃﬃ
k
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2rþ l2
p
 !
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðk2rþ l2Þ
k
s
 k
A sinhð ﬃﬃﬃﬃﬃﬃkp nÞkþ B coshð ﬃﬃﬃﬃﬃﬃkp nÞkþ l
 !
; ð16Þ
where n ¼ xþ yþ 2k
3rþ k2r kl2 þ l2Þ
2ðk2rþ l2Þ
 
t: ð17Þ
In particular, if we take A ¼ 0;B > 0 and l ¼ 0 in Eq. (16), we
have the solitary solution
uðx; y; tÞ ¼  1
2
þ i
ﬃﬃﬃ
k
p
sec hð
ﬃﬃﬃﬃﬃﬃ
k
p
nÞ; ð18Þ
and, if we set A > 0;B ¼ 0 and l ¼ 0 in Eq. (16), we have the
solitary solution
uðx; y; tÞ ¼  1
2
þ
ﬃﬃﬃ
k
p
csc hð
ﬃﬃﬃﬃﬃﬃ
k
p
nÞ: ð19Þ
Result 2. We have
a0 ¼  1
2
; a1 ¼ 1
2
i; b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2rþ l2
4k
s
;
V ¼ k 1
2
; r ¼ A2  B2: ð20Þ
Now, the traveling wave solution of Eq. (11) becomes:
uðx; y; tÞ ¼  1
2
þ 1
2
i ðkÞ3=2ðA coshð
ﬃﬃﬃﬃ
k
p
nÞþB sinhð
ﬃﬃﬃﬃ
k
p
nÞÞ
A sinhð
ﬃﬃﬃﬃ
k
p
nÞkþB coshð
ﬃﬃﬃﬃ
k
p
nÞkþl
 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2rþl2
4k
q
 k
A sinhð
ﬃﬃﬃﬃ
k
p
nÞkþB coshð
ﬃﬃﬃﬃ
k
p
nÞkþl
 
;
ð21Þ
where n ¼ xþ y k 1
2
 
t: ð22Þ
In particular, by setting A ¼ 0;B > 0 and l ¼ 0 in Eq. (21), we
have the following solitary solution
954 M. Shakeel, S.T. Mohyud-Dinuðx; y; tÞ ¼  1
2
þ 1
2
ﬃﬃﬃ
k
p
tanh
ﬃﬃﬃﬃﬃﬃ
k
p
n
 
þ 1
2
i
ﬃﬃﬃ
k
p
sec hð
ﬃﬃﬃﬃﬃﬃ
k
p
nÞ; ð23Þ
while, if we set A > 0;B ¼ 0 and l ¼ 0 in Eq. (21), we have the
solitary solution
uðx; y; tÞ ¼  1
2
þ 1
2
ﬃﬃﬃ
k
p
cothð
ﬃﬃﬃﬃﬃﬃ
k
p
nÞ þ csc hð
ﬃﬃﬃﬃﬃﬃ
k
p
nÞ
 
: ð24Þ
Case 2: When k > 0 (Trigonometric function solutions).
If k > 0, substituting Eq. (13) into Eq. (12) and using Eqs.
(7) and (9), the left-hand side of Eq. (12) becomes a polynomial
in u and w. Setting the coefﬁcients of this polynomial to zero
yields a system of algebraic equations in a0, a1; b1; l; k, V
and e as follows:
u4 :
18a1b
2
1k
k2e l2 þ 6a
3
1 þ 6a1 ¼ 0;
u3 :
12a21b1kl
k2e l2 
12a0b
2
1k
k2e l2 þ
6b1kl
k2e l2 
6b21k
k2e l2 þ
12b31k
2l
ðk2e l2Þ2
 12a0a21  6a21 ¼ 0;
u2 :
6a1b1kl
k2e l2 
24a1b
2
1k
2
k2e l2 
3a1kl2
k2e l2 þ
12a0a1b1kl
k2e l2 
12a1b
2
1k
2l2
ðk2e l2Þ2
 6a20a1  6a31k 8a1k 6a0a1  a1 þ Va1 ¼ 0;
u1 :
12a21b1k
2l
k2e l2 
12a0b
2
1k
2
k2e l2 þ
6b1k
2l
k2e l2 
6b21k
2
k2e l2 þ
12b31k
3l
ðk2e l2Þ2
 12a0a21k 6a21k ¼ 0;
u3w : 6b
3
1k
k2el2 þ 18a21b1 þ 6b1 ¼ 0;
u2w : 42a1b
2
1kl
k2el2  24a0a1b1 þ 12a1lþ 6a31l 12a1b1 ¼ 0;
uw : 24a0b
2
1kl
k2el2 
24a2
1
b1kl2
k2el2  12b1kl
2
k2el2 
6b3
1
k2
k2el2 þ
12b21kl
k2el2 
24b3
1
k2l2
ðk2el2Þ2
þ12a0a21l 12a21b1k 5b1k 6a20b1 þ 6a21l
6a0b1  b1 þ Vb1 ¼ 0;
w1 : 6a1kl
3
k2el2  24a0a1b1kl
2
k2el2 þ
18a1b
2
1k
2l
k2el2  12a1b1kl
2
k2el2 þ
24a1b
2
1k
2l3
ðk2el2Þ2
þ6a20a1l 12a0a1b1kþ 5a1kl 6a1b1kþ 6a0a1l
þa1l Va1l ¼ 0;
w0 : 12a0a1b1k
2l
k2el2  3a1k
2l2
k2el2 
6a1b
2
1k
3
k2el2 þ 6a1b1k
2l
k2el2 
12 a1b
2
1k
3l2
ðk2el2Þ2
6a20a1k 2a1k2  6a0a1k a1kþ Va1k ¼ 0: ð25Þ
Solving the above system of algebraic equations, we obtain the
following results:
Result 1. We have
a0 ¼  1
2
1þ l
ﬃﬃﬃ
k
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  k2e
p
 !
; a1 ¼ 0; b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  k2e
k
s
;
V ¼  2k
3eþ k2eþ kl2  l2Þ
2ðk2e l2Þ ; e ¼ A
2 þ B2: ð26ÞNow, the traveling wave solution of Eq. (11) becomes:
uðx; y; tÞ ¼  1
2
1þ l
ﬃﬃﬃ
k
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  k2e
p
 !
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  k2e
k
s
 k
A sinð ﬃﬃﬃﬃﬃknp Þkþ B cosð ﬃﬃﬃﬃﬃknp Þkþ l
 
; ð27Þ
where n ¼ xþ yþ 2k
3eþ k2eþ kl2  l2
2ðk2e l2Þ
 
t: ð28Þ
In particular, if we take A > 0;B ¼ 0 and l ¼ 0 in Eq. (27), we
have the solitary solution
uðx; y; tÞ ¼  1
2
þ i
ﬃﬃﬃ
k
p
cscð
ﬃﬃﬃﬃﬃ
kn
p
Þ; ð29Þ
while, if we set A ¼ 0;B > 0 and l ¼ 0 in Eq. (27), we have the
solitary solution
uðx; y; tÞ ¼  1
2
þ i
ﬃﬃﬃ
k
p
secð
ﬃﬃﬃﬃﬃ
kn
p
Þ: ð30Þ
Result 2. We have
a0 ¼  1
2
; a1 ¼ 1
2
i; b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  k2e
4k
s
; V ¼ k 1
2
;
e ¼ A2 þ B2: ð31Þ
Now, in this result the traveling wave solution of Eq. (11)
becomes:
uðx; y; tÞ ¼  1
2
þ 1
2
i ðkÞ
3=2ðA cosð ﬃﬃﬃﬃﬃknp Þ  B sinð ﬃﬃﬃﬃﬃknp ÞÞ
A sinð ﬃﬃﬃﬃﬃknp Þkþ B cosð ﬃﬃﬃﬃﬃknp Þkþ l
 !
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  k2e
4k
s
 k
A sinð ﬃﬃﬃﬃﬃknp Þkþ B cosð ﬃﬃﬃﬃﬃknp Þkþ l
 
;
ð32Þ
where n ¼ xþ y k 1
2
 
t: ð33Þ
In particular, by setting A ¼ 0;B > 0 and l ¼ 0 in Eq. (32), we
have the solitary solution
uðx; y; tÞ ¼  1
2
þ 1
2
i
ﬃﬃﬃ
k
p
ð tanð
ﬃﬃﬃﬃﬃ
kn
p
Þ þ secð
ﬃﬃﬃﬃﬃ
kn
p
ÞÞ; ð34Þ
while, if we set A > 0;B ¼ 0 and l ¼ 0 in Eq. (32), we have the
solitary solution
uðx; y; tÞ ¼  1
2
þ 1
2
i
ﬃﬃﬃ
k
p
ðcotð
ﬃﬃﬃﬃﬃ
kn
p
Þ þ cscð
ﬃﬃﬃﬃﬃ
kn
p
ÞÞ: ð35Þ
Case 3: When k ¼ 0 (Rational function solutions).
If k ¼ 0, substituting Eq. (13) into Eq. (12) and using Eqs.
(7) and (10), the left-hand side of Eq. (12) becomes a polyno-
mial in u and w. Setting the coefﬁcients of this polynomial to
zero yields a system of algebraic equations in a0, a1, b1, l and
V as follows:
u4 :
18a1b
2
1
A2  2lBþ 6a
3
1 þ 6a1 ¼ 0;
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6b1l
A2  2lB
6b21
A2  2lB
12a0b
2
1
A2  2lBþ
12a21b1l
A2  2lB
þ 12b
3
1l
ðA2  2lBÞ2
 12a0a21  6a21 ¼ 0;
u2 :
12a0a1b1l
A2  2lB 
3a1l2
A2  2lBþ
6a1b1l
A2  2lB
 12a1b
2
1l
2
ðA2  2lBÞ2
 6a20a1  6a0a1  a1 þ Va1 ¼ 0;
u3w :
6b3
1
A22lBþ 18a21b1 þ 6b1 ¼ 0;
u2w : 42a1b
2
1l
A22lB 24a0a1b1 þ 12a1lþ 6a31l 12a1b1 ¼ 0;Figure 1 Soliton solution for Eq. (18) for k ¼ 1.
Figure 2 Soliton solution for Eq. (19) for k ¼ 1.uw : 24a0b
2
1l
A22lB 12b1l
2
A22lBþ
12b21l
A22lB
24a2
1
b1l
2
A22lB 
24b31l
2
ðA22lBÞ2
þ12a0a21l 6a20b1 þ 6a21l 6a0b1  b1 þ Vb1 ¼ 0;
w1 :
6a1l3
A2  2lB
24a0a1b1l2
A2  2lB 
12a1b1l2
A2  2lBþ
24a1b
2
1l
3
ðA2  2lBÞ2
þ 6a20a1lþ 6a0a1lþ a1l Va1l ¼ 0: ð36Þ
Solving the above system of algebraic equations, we obtain the
following results.Result 1. We have
a0 ¼  1
2
1þ lﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA2  2lBÞ
q
0
B@
1
CA; a1 ¼ 0;
b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA2  2lBÞ
q
;V ¼ A
2  2lBþ 3l2
2ðA2  2lBÞ : ð37ÞFigure 3 Soliton solution for Eq. (23) for k ¼ 1.
Figure 4 Soliton solution for Eq. (24) for k ¼ 1.
Figure 5 Soliton solution for Eq. (29) for k ¼ 1.
Figure 6 Soliton solution for Eq. (30) for k ¼ 2.
Figure 7 Soliton solution for Eq. (34) for k ¼ 2.
Figure 8 Soliton solution for Eq. (35) for k ¼ 2.
956 M. Shakeel, S.T. Mohyud-DinNow, the traveling wave solution of Eq. (11) becomes:
uðx; y; tÞ ¼ a0 ¼  1
2
1þ lﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA2  2lBÞ
q
0
B@
1
CA
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA2  2lBÞ
q
 1ðl=2Þn2 þ Anþ B
 
; ð38Þ
where n ¼ xþ yþ A
2  2lBþ 3l2
2ðA2  2lBÞ
 
t: ð39Þ
Result 2. We have
a0 ¼  1
2
; a1 ¼ 1
2
i; b1 ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA2  2lBÞ
q
; V ¼  1
2
: ð40Þ
Now, in this result the traveling wave solution of Eq. (11)
becomes:uðx; y; tÞ ¼  1
2
þ 1
2
i Aþ lnðl=2Þn2 þ Anþ B
 
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA2  2lBÞ
q
 1ðl=2Þn2 þ Anþ B
 
; ð41Þ
where n ¼ xþ yþ 1
2
t: ð42Þ
Remark: All the solutions have been checked with Maple by
putting them back into the original equation and found
correct.
4. Graphical presentation
Graph is a powerful tool for communication that describes
lucidly the solutions of the problems. Therefore, some graphs
Soliton solutions for the positive Gardner-KP equation 957of the solutions are given (Figs. 1–8). The graphs readily have
shown the solitary wave form of the solutions.
5. Conclusions
In this article, the ðG0=G; 1=GÞ – expansion method is success-
fully implemented to investigate the nonlinear partial differen-
tial equation, namely, positive Gardner-KP equation. We have
constructed abundant exact traveling wave solutions including,
hyperbolic function, trigonometric function and rational func-
tion solutions. The method used in this article is more effective
and general than the original (G0/G) – expansion method. The
main advantage of this method over other methods is that, it
possesses all the three types of the solutions. Therefore, this
simple and powerful method can be more successfully applied
to study nonlinear partial differential equations which fre-
quently arise in engineering sciences, mathematical physics
and other scientiﬁc ﬁelds.
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